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Abstract— The present paper deals with the problem of diago- to the present paper, [17] does not guarantee existence and
nalizing matrices using a control system of the formA = U, A], convergence of the solutions.
where [U,A] = UA — AU and A, U are real matrices. It In this paper, the goal is to find a feedbatk = U(A)

is shown that the feedbacklU = [N, A + AT] + p[AT, A], N ~ N
diagonal, p > 0 allows to solve the diagonalization problem such that the control systed = [U, A] can be utilized

under the assumption that the to be diagonalized matrix has not only to diagonalize symmetric matrices but also non-
real spectrum. Moreover, in the case of a complex spectrum, symmetric matrices with a real spectrum. The main result

the feedback allows to check if a matrix is stable or to compute of this paper shows that such a feedback indeed exists. It
all eigenvalues of a matrix or roots of a polynomial. has the formU = [N, A + AT] + p[AT, A] and allows
| INTRODUCTION to diagonalize non-symmetric diagonalizable matrices|avh

] ) ~ preserving the spectrum. From the form of the feedback, it
The understanding of the computational power of dynamicglh, pe seen that the resulting new Lax system is a natural

systems and feedback is becoming increasingly importagkneralization of the double bracket flow. Moreover, for the
in many different research areas. Over the last decad@gse of a complex spectrum, it is shown that the derived
increasing attention has been paid, in areas like neurisgie systems can be used to the check if a matrix is stable or to

numerical mathematics, or cell biology, to systems whicRompute, in an analog (continuous) fashion, eigenvalues of
carry out computations in ways different from those basegatrices or roots of polynomials.

on digital logic (cf. e.g. [22], [16], [1], [3], [20], [13]). The remainder of the paper is organized as follows: In
In this paper, control systems of the forad = [U,A], gection II, the diagonalizing feedback and its properties
where [U, A] = UA — AU represents the Lie bracket Theorem 1, 2, 3) is derived. In Section IIl, the main results

(commutator) andU, A are real matrices, are utilized in 5r¢ jllystrated on various applications and a conclusion as
order to solve a certain computational problem in a nonge|l as an outlook is given in Section IV.

digital (analog) fashion, namely the problem of diagonaliz ntations. The transpose of a realx n matrix A € R™*" is

matrices. Systems of the formd = [U, A] are often called yenoted byd”. The trace of a square matrikis denoted by
Lax systems. This class of systems has very interestiqgace(A> and the Frobenius norm of is denoted by| A||r,
properties and appears in many areas of engineering apgl |A||2 = trace(AT A). The conjugate of a complexx
science, especially in mathematics, physics, and in cbntrg otix A € €™ is denoted byA and the conjugate

theory. Cf. for example [3] [2] and references therein. transposed byd*. Moreover, R{A} and 3{A} denotes the
The present work is closely related to Brockett's well-kmow (o5 respectively, imaginary part of and [U, 4] = UA —

work [7], see also [4],[6],[5],[10] (a more complete list of 47 genotes the Lie bracket (commutator) withU square
references can be found in [16]). In [7] the socalled doublg,5irices.

bracket flow A = [[N, A], A], where A is a symmetric

matrix, N is diagonal, and/ = [N, A], has been introduced. II. MAIN RESULTS
This system has many remarkable properties. For example
one property is that the system allows to diagonalize re&t
symmetric matrices in the following sense: if the initial A= U, A] @
condition is a symmetric matrixA(0) = Ay, then A(t) Y

converges to a diagonal matrix while preserving the spectruwhere A € R"*™ and U € R"*™ are arbitrary real
of Ag. Over the last four decades, many systems have begnx »n matrices. Then the isospectral property of (1) is
derived in a way similar to that of [7] with many interestinga well-known fact, cf. e.g. [2], [11], [23]. For reasons
properties. For example, well known are the Toda lattice&sf completeness, a proof is given under the additional
Oja’s flow, or the QR flow. A collection of such systemsassumption that the eigenvalues are pairwise distinct.

and their properties can be found for example in the book

by Helmke and Moore [16] as well as in the referencegemma 1: Suppose that a given initial conditiod(0) of

therein. Related to the present results is also [17], whe(@) has pairwise distinct eigenvalues, then (1) defines an
the non-symmetric case is considered. However, in contragbspectral flow.
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onsider the control system



has simple multiplicity, it changes according to: (“Normalization™) In a first step, it is shown that the derva
. tive of the positive semidefinite function

M0) = ¢(0)* A(0)p(0)- (2) ]
Therefore, one gets: V(A4) = trace((A - ATYT(A - AT)) ©
A(0) = (0)*[U(0), A(0)]p(0) = itrace((A — AT)?)
= q(0)"(U(0)A(0) — A(0)U(0))p(0) ®3)

is monotonically decreasing along the flow (1) with the aditi
= A(0)(¢(0)"U(0)p(0) — q(0)"U(0)p(0)) = 0. condition A(0) = A, and with the feedback (4) for all

Hence the derivative of the eigenvalié) att = 0 is zero. matricesA with [A”, A] # 0. Differentiating (6) with respect

This implies that the spectrum is preserved under the flo#® (1) and using the factsrace(AB) = trace(BA) and

(1), because (3) is valid for eaehe (0, Tjnay ), WhereTy,,, —trace(A”) = trace(A), one obtains:

is the maximal interval of existence of (1). Notice, however d 1

that the left- and right eigenvectors are not preservedtHaut %V(A) == 5”’“06((‘4 — AT)([U, A] - [AT, UT)))

existence of the left- and right eigenvectors is guaranbsed

— 1 T T T
the fact thatA(t) has the sampairwise distinct eigenvalues - §tmce((‘4 A= AA)U+UT))

1
as A(0). . = — Strace([AT, AU +UT)) 7)
The isospectral property of (1) is essential for the main = —trace([AT, A)U)
results of this paper. The first result below shows that = — trace([AT, A][N, A + AT])

there exists a feedbadk which allows to diagonalize non- T o2
symmetric matrices with real spectrum in the following — ptrace([A”, A]).
(computational [22]) sense: if the initial condition (=itp Now it is important to observe that
A(0) = Ap of (1) is a non-symmetric matrix with real ¢ AT AN A+ AT = 0 8
distinct eigenvalues, then the flow (=process of computitio race(|4%, AJIN, A+ AT]) = 0. ®)
of (1) under a the feedbadk = [N, A + A”] 4+ p[AT, 4] This follows from the fact that the trace of a product
converges to a diagonal matrix with the eigenvalues detween a symmetric matrif4”, A]) and a skew-symmetric
diagonals (=output). matrix (N, A + AT)) is zero. Thus withtrace([AT, A)?) =

trace([AT, A]T[AT | A]) > 0 one gets

d T

Theorem 1. Suppose that a given matridy € R™*"™ has @V(A) <0V[AT, A #0. ©)
pairwise distinct real eigenvalues, i.e., Ao can be written - Therefore, sincé’ is bounded from below, the solutioh =
as Ag = T7'AT with A = diag(A1 ... An), Mi € R, T € 4(3) of (1) under the action of feedback (4) converge into

R™*™, T invertible. Then the solutioml = A(¢) of (1) with  the set where the self-commutator vanishes, i.e.,
the initial conditionA(0) = Ay and with the feedback

lim [A(t)T, A(t)] = 0. (10)
U =[N, A+ AT] + p[AT, A] @ =2
) ] Since the spectrum oA is real, this implies thatl converges
converges to\r = diag(Ar(1) - - An(n)), 1€, to a symmetric matrix [18]. Notice that the limit (10) is well
lim A(t) = A, (5) defined, even though the Lyapunov functidhis positive
t—o0 semidefinite only. To see this, assume that(t)||2 =
where (7(1),...,m(n)) is a permutation of(1,...,n), p  trace(A(t)T A(t)) — oo for t — Tpaz, WhereT,, ., is the

is an arbitrary positive constant, an < R"*" is a maximal interval of existence of(¢). On the other hand, it

real, diagonal matrix with pairwise distinct diagonal®.,i. is clear thatl’ stays bounded far — 7,4, i.€., V(A(t)) <

N =diag(ni ...ny,), n; # n; for i # j. M, M € R. This leads now to a contradiction since Lemma
Proof: The idea of the proof goes, roughly speakingl ensures a constant spectrum, ilg4(t)||% — oo implies

as follows. “Normalization” step: First is it shown thatV(A(t)) — co because:

the solution A(t) defined by (1), (4),A(0) = Ay, satisfy 1

[A(t)T, A(£)] — 0 for t — oo, which meansA(t) converges ~ V(A(t)) =7 [14()" — A(®)|[7

to the set of normal matrices, that is the set of matrices lwhic

satisfy ATA = AAT, or equivalentlyd = ©*A©, ©*0 = I =—trace(2A(H)" A(t) — A(t)> — (A(t)")?) (11)

1, Since the spectrum ofi(t) is preserved and real(t) , 1 ) oo

converges to the compact (bounded) set of symmetric matri- =5 1AM)|IE 1 trace(A” + (A7)7) — oo

ces with a fixed spectrum. “Diagonalization” step: Thus, —00 constant

U(t) =[N, A@t)T+ A(t)] + plA(t)T, A(t)] = 2[N, A(t)] for  (“Diagonalization”) In a second step, it is shown that the

t — oo. From which the diagonalization follows from [7]. function (compare with [7])

NN SN

1Since A is real, © is also real [18]. However, due to Theorem 2 the W(A) zltrace(N(A + AT)) (12)
conjugate transposed is used instead of the transposed.



and a solutionA(t) of (1), with the initial conditionA(0) =
Ao under the action of the feedback (4), converges to
matrix A which satisfies N, A + A”] = 0. Differentiating
(12) with respect to (1) and using the factsice(AB) =

trace(BA), trace(AT) = trace(A), [A,B] = —[B,A],
[A, B]T =[BT, AT] one obtaing
d

ZW(4) :%tmce(N[U, Al + %tmce(N[AT, UT)
:%tmce([A, NJU) + %trace([]\ﬂ ATIUT)
:%trace([A, NI(IN, A+ AT] + p[AT, A)))
+%tmce([N, ATY([A + AT N] + p[AT , A]))
:%trace([A, N|[N, A+ AT))
+%t7‘ace([N, AT][A + AT N))
+gtrace([A7 NJ[AT, A] + [N, AT][A7  A))
:%tmce([A + AT N[N, A + AT))

+ptrace([A, N][AT, A)).
(13)
From (10) and (11) follows that any solutiot(t) exists for

all t > 0 and it converges to thbounded and invariant set
Q={A:[AT,A] =0, M(A) € {\...\.}, V(4) < M}

matrix and since the spectrum dfis real, (10) implies that
4 converges to a symmetric matrix [18] (p.109, Problem 14).
Hence by the isospectral property of (1), the desired result
follows:

lim A(t) = A,.

t—oo
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In the following, some remarks concerning Theorem 1 and
its relation to [7] are discussed.

Remark 1: It is interesting to observe from the proof that
the diagonalizing feedback (4) can be decomposed into two
components

U=Uq+ pUp,. (18)

The second componettf,, = [AT, A] plays the role of a
“normalizer”. This means, that this component forcég)

to become normal. The first compondiif = [N, A + AT
plays the role of a “diagonalizer”. This means, that this eom
ponent forcesA(t) to become diagonal. What is interesting
(indeed the main idea) is the fact that the normalization
component acts orthogonal to the diagonalization componen
This can be seen, for example, in the proof in equation (8).
The diagonalizer does not effect the normalization, ifee, t
monotonicity of V. In particular

Ujext, U,ex, Uextax, (19)

defined by normal matrices with a certain (fixed) spectrumvhere U, takes values in the sef* of skew-symmetric

Moreover, it is true that
d
dt

for solutions A(t) in Q. Thus, it follows from LaSalle’s

invariance principle [15] that solutiond(t) starting inQ
converge to the set defined b§W (A(t)) = 0, which
implies

WA(t)) = —%tmce([A(t) LAGTNP) >0 (14)

Jim [N, A(t) + A)"] = 0. (15)
Therefore the sefA : [N, A + AT] = 0} is (conditionally)
stable with respect td). Using for example Theorem 3
(Remark 2, Remark 3) from [9] (see also [19]) withgiven
by (6), (9), it follows that (15) holds for any solutioA(t)
not necessarily starting 3. Thus, (10) to together with
(15) implies thatA(t) converges, sincé — 0. Finally, it
has to be shown that (15) implies thaft) — A,. To see
this, observe that [7], [16]

[N,A+ AT =0 A+ AT =2D (16)
with D diagonal. In particular([N, A + AT]);; = (a;; +
aji)(nj — ni) = 0 if and only if aij + aj; = 0, i # j.
Thus, (15) implies thatl + A” converges to a real diagonal

20ne can simplify the calculation by using the factice([A, N][N, A+
AT]) = trace([AT, N][N, A + AT)).

SEssentially, (15) follows from LaSalle’s invariance piipie due to
(9) and (14) and the global boundednessAdf), i.e., a monotonic and
bounded sequencé’(A(t)), W(A(t))) must converge (thu¥ (A(t)) —
0, W(A(t)) — 0).

matrices andU,, takes values is the sef of symmetric
(traceless) matrices. Hence

< Uy, Uy, >=trace(ULU,) = 0. (20)

This orthogonality relationl/,, 1 Uy, enables the simul-
taneous (“parallel”) action of both, the normalization and
the diagonalization process (see Fig. 1). Finally, thetwasi
constantp plays simply the role of a relative gain between
U, andUy. It is easy to see from the proof, thatcan be
even time-varying, i.e = p(t) assuming that, for example,
p(t) = po > 0.

@AO

A=[U,A]

plAT 4]

[N, A+ AT

Fig. 1. Feedback loop for computation.

Remark 2: In contrast to the feedbadk = [NV, A] used in
[7], the feedback (4) is not obtained from a gradient type ar-
gument. It is, however, of interest to relate the currentliss



to gradient flows and further investigations are needed. Adence([D, S]);; = s;;(d; —d;) must be zero. Consequently,
mention in the introduction, ifd is symmetric, then the self- for example, ifd, # d;, i = 2...n, thens;; = —s1; =0. A
commutatorfA”, A] vanishes in (1) and (4), i.e., the “triple-

A" termin A = [[N, A+ AT], A]+ p[[AT, A], A] disappears Since A(cc) is normal andA(oco) = D + S, D = R{A,}
and one obtains the double bracket flow= 2[[N, A], A] (equation (22)), it is indeed possible, due to Lemma 2, to
[7]. Consequently, the sorting behavior, i.e., the ordethef read off the eigenvalues of, from A(oo).

eigenvalues along the diagonals/of is analogous to that of

[7]. Confer [7] or [16] for more details. Finally, one canrtki Theorem 3: Suppose that the eigenvalues of a given matrix
of (1) and (4) as an (adjoint) flow on the general linear groupl, ¢ R™*" havepairwise distinct real part in the following
GL(n,R). Notice that the control/ satisfiestrace(U) =0 sense: the eigenvalues of, have algebraic multiplicity
and thus takes values in the Lie algebra (indeed in thene and there exist no pairwise distinct indideg, k& such
Cartan decomposition (19) of the semisimple Lie algebrahat o; = o, = o4, where Ay = T 'AT with A =
sl(n,R) = ¥ @ ¥+ of the special linear grou§'L(n,R). In diag(M\ ... \p), \i = 0;tiw; € C, T € C™*™, T invertible.

the literature, e.qg. [8],[16],[2], the Lie group/algebraimt of  Then the solutiord = A(t) of (1) with the initial condition
view is the usual way to look at systems like (1). Therefored(0) = A, and with the feedback (4) converges to the form
further investigations in this direction are interesting.,

the interpretation of the current results in the context of Orn(i) ifi=j o
sl(n,R), su(n)c = £ @ ixt. Hm (AQ@))i; = § Fwry I oy =0mg) i 75  (29)
What happens in the case of a complex spectrum? To see 0 else

this, notice that the assumption made 4p in Theorem 1, Proof: From equation (22) follows that(cc) = D +5

i.e., a real spectrum, is not used in the proof of Theorem gnd D = diag(d: ... dy) = R{Ar} = diag(o(1) - - - On(n))-

until the very end. Therefore, the following statements calfloréover,.A(cc) is normal. Thus, Lemma 2 can be applied.
be made: Notice that, due to pairwise distinct real parts, there texis

no three pairwise distinct indices j, k such thatd; =

Theorem 2: Suppose that the eigenvalues of a given matri¢y = &= Case 1 (complex eigenvalue): {fA(c0))i; =
Aoy € R™™ have algebraic multiplicity one, wherg, = limy oo (A(t))ii = di = 0r(i) = d; for Some: and j(# i)
T='AT with A = diag(\i ... An), Ny = 03 £iw; € C, N {13...,n}, then theonly element in theith column/row
T € C™", T invertible. Then the symmetric componentand jth row/column .ofS which doe; not vanish is;;
A(t) + At)T of a solutionA = A(t) of (1) with the initial (s5; = —s4;). In particular, for allk different from s and

condition A(0) = A, and with the feedback (4) converges™®M J, Lemma 2 and pairwise distinct real parts imply
dj —di, # 0 andd; — dp # 0 and thussy; = 0 and

© sgi = 0 for all £ # 4,j. Case 2 (real eigenvalue): If for
Jim A(t) + A(t)" = 2R{A,}. (1) somei, d; = o) # dy for all k # i then by Lemma 2, the

ith column/row ofS vanishes. By writing dowrt = (s;;)

Proof: From (16) follows that and by taking into account that the eigenvaluesAgf are
A(c0) =D + 8, (22) identical with the eigenvalues afl(cc), it can be easily

) ) . observed that the non-vanishing entriesSirmust be equal
where A(co) = lim;oc A(t) and S is a skew-symmetric 5 g . fw,(;). By relabeling the rows/columns of(cc)
matrix. Moreover,A(occ) is a normal matrix, i.e.A(o0) = g,cn thato (), oz (j) are neighbors, in case, ;) = o),

©"A;0, ©7© = I. Therefore, i # j (similarity transformation with permutation maitrix),
2D =A(00) + A(c0)” = 0% (A, + A2)O one can easily obtain the canonical form (2.5.9),(2.5.10) o
—20*R{A, 0. (23) 21(105) [18]. Thus, the eigenvalues 4f can be read off from
. 00). |
Thus, the eigenvalues dp are R{A}. u Summarizing, Theorem 3 establishes the following strectur
of A(co). If for example d, = o, is simple (real

Moreover, under the assumption that the eigenvalueg of
must havepairwise distinct real part, i.e., an eigenvalue
configuration likeh; =3 +ia, A\34 =3+4b, a,b € R, is
not allowed, the structure ofi(oo) = lim;_., A(t) can be
even more precisely predicted. To see this, observe first:

eigenvaluel ) = or)), then thekth column and row
of A(c0) is zero except the diagonal elemédnt(co))xr =
di = oxr). If for exampled; = o,y = or¢j) = dj, i # j,
(complex eigenvalug ;) = o ;) Tiwx(;)), then one obtains
a structure of the form

Lemma 2: Supposed = D + S is a normal matrix, where
D = diag(d; ...d,) is diagonal andS = (s;;) is skew- Oiy e tw
symmetric, ther{[A, AT));; = ([D, S])ij = si;(d;—d;) = 0, @ )
and consequently, if; # d;, thens;; is zero. A(o0) = : : - (26)

Proof: Since A is normal,[A, AT] = 0. Thus, FWr@y 0 Or)

[A,AT]=[D+8,D—8]=2[S,D]=0. (24)




1. APPLICATIONS The eigenvalues of4, are 1, —2.0980, and —0.9510 +

Smulation Example. The first example shows some numer->0 172" Using V = diag(1,2,3,4) andp = 1, one obtains

ical simulations for various gaings with for A(4) (see Fig. 3)
—2.0980 0.0002 0.0004 0.0000

3 2 —9
0.0002 —0.9513  3.0178  0.0000
Ao = 8 (2) } @7) ~0.0004 —3.0177 —0.9507 —0.0000 (29)

—0.0000 —0.0000 —0.0000 1.0000

and N = diag(1,2,3) (see Figure 2). From several simula-gjnce there is a positive diagonal elementiifit), the matrix
Ay is not stable.

Diagonals of A(t)

Diagonals of A(t)

: | |

e . OSV
Il -‘.,.‘_‘-‘-‘_‘__‘_‘_ 0 v
| ."“’“ | -05 \\

-1
-15

2 \_
o5l

-3

o] 05 1 15 2

1 15 2 Time

Norm of the off-diagonals of A(t) Fig. 3. Simulation results for (28).

| Application 2. Finding roots of polynomials has a long
. history in science. Nowadays, any good scientific software
RN ] package has a function like “root” to find roots of poly-
r el Tl ] nomials. However, before the advent of digital computers,
05f *~.-;‘:""“"-‘---‘--‘-A_‘; the computation of roots of polynomials was not an easy
0 ‘ —t oo task and needed considerable effort. The paper [14] ehtitle
0 05 : L5 2 “machines for solving algebraic equations” gives a nice
overview of the effort to build (electro)mechanical maasn
for finding roots of a polynomial, where the first machines
Fig. 2. Simulation results for (27) with = 0.5 (dashdot)p = 1 (dashed), were already build in thel8th century (see also [21]).
andp = 2 (solid). With the results in this paper, it is possible to get another
“machine” which computes (real and complex) roots of
tions it has been observed that the behavior of convergengelynomials in an analog fashion. To see this, inspect the
is sensitive to the initial condition, i.e., the norm 4f. For  result above (matrix (29)). It can be seen that the imaginary
future research, time-varying gaips= p(t), may be useful parts of the eigenvalues can be read off as well. This is in
to improve convergence rates (performance) of the flovgeneral not the case, even though it happens (almost) always
Moreover, although Theorem 1 assumes thathas to have in simulations. However, it is true under the assumptions
pairwise distinct eigenvalues, numerical simulationswshomade in Theorem 3. Hence, the roots of polynomials can be
convergence also when the algebraic and geometric mimediately read off fromA(co), as demonstrated below.
tiplicity is different, since an arbitrarily small pertiation Consider for example the polynomial (see Fig. 4)
of the eigenvalues, caused for example by numerical errors, 4 9
may lead to algebraic multiplicity one. Thus, in numerical plz) =a" —3u"+z -1 (30)
simulations, one can expect guaranteed convergence for gRyrming the companion matrix
initial condition.

Application 1. From Theorem 2 follows that the diagonals 8 (1) (1) 8
of A(co) correspond to the real part of the eigenvalues. Ay = o 00 1l (31)
Therefore, the system (1), (4) can be used to check if a 1 13 0
matrix Ag is stable (Hurwitz) by inspecting the diagonals of N
A(o0). Consider, for example, the matrix one obtains fortV = diag(1,2,3,4) andp = 1

-1 2 11 —1.944  0.0006 —0.0002  0.0000

-2 -3 0 2 —0.0006  0.1442  0.5382 —0.0005

Ao = 0 0 10 (28) A@2) = —0.0002 —0.5382  0.1383  0.0014
-3 -2 -2 0 0.0000 —0.0005 —0.0013 1.6615



y=p(x)

: t ' ‘ ‘ ' ' | (1]
1 X: -1.945 X: 1.667 1
Y: 0.01005 Y: 0.05672
N\ ] (2]
-1 : i
(3]
-2
3 (4]
-4
-15 -1 -05 2 05 1 15 2 [5]

Fig. 4. Graph of (30). [6]

From the matrix above, the structure 4foo), as predicted

by Theorem 3, can be clearly seen and the real roots as well
as the complex roots can be read off frofi2).

Another application is to check definiteness of a polynomial

Consider the polynomial (9]
p(z) = 2t — 223 4+ 2% + 3z + 3. (32)
Again, if Ag is the corresponding companion matrix and
N = diag(1,2,3,4) andp = 1, then one gets as solution [10]
—0.6146  0.5680 —0.0001 0.0000
A@2) = —0.5676 —0.6166  0.0003 0.0002 (11]
o 0.0001  0.0003  1.6156 1.2912
—0.0000 —0.0002 -—1.2912 1.6156 [12]

Since there is no column/row with only a diagonal element in
it, it follows that all eigenvalues have an imaginary part an[13]
since the polynomiap has even degree, it must be positive
definite. Moreover, the complex roots can be read off because

Lemma 2/Theorem 3df = do # d3 = dy) implies s13 =  [14]
S23 = 814 = 824 = 0 (845 = —5j1). [15]
IV. CONCLUSIONAND OUTLOOK (16]

The main result of the present paper is a new Lax systeftv]
which allows to diagonalize non-symmetric matrices an
to compute their eigenvalues. Therefore, the presenttses
extend the results for symmetric matrices [7] in a naturglo]
way. Moreover, the results can be helpful for designing new
numerical algorithms [12]. The idea behind the new diagqyo
nalizing system is to define a feedback with a normalizin
and a diagonalizing component such that the diagonalizatic?ﬂ]
process does not influence the normalization process. Sopag
applications in the context of utilizing dynamical systeims
computational purposes have been pointed out. For examdl%?’,]
a stability test for matrices as well as roots computation
for polynomials. Several points for future research hasbee
discussed. In particular, the connections, interpratatiand
generalizations of the present results in the context of Lie
groups and Lie algebra.

8]

] R.W. Brockett.
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Extensions

Orthogonality is the key
Another diagonalizing flow is given by

A=[A - A )" Al+p([AT, A], Al
N —

mkmg sym

Ay is strictly lower triangular part of A (Chu: A = [A; — (4,)7T, A]).
Lie theoretic extension

The flow A=[[N,A+ AT], A] + p[[AT, A], 4]

can be rewritten as X = p[[N,Y], X] +[[Y, X],Y]

Y = 1Y, X1, X] + p[[N, Y], Y]

with A =X +Y,X € X+,Y € X, due to the Cartan decomposition (semisimple Lie
algebra), i.e. [X,X] C X+, [+, X4] € ¥+ [X,3+] C 3. The flow converges to

[Y,X]=0 [Y,N]=0.
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