Data-driven inference of passivity properties
via Gaussian process optimization
Anne Romer, Sebastian Trimpe and Frank Allgöwer
Abstract— Passivity is an important concept in control design
as it pertains to stability properties of the closed loop. We
propose a framework to determine to which extent a dynamic
system is or is not passive from data. In particular, we
develop a probabilistic approach based on Gaussian processes
to underestimate the input feedforward passivity index from
experiments with measurement noise. We also show how prior
knowledge on the input-output behavior can be incorporated
in this framework. Besides the offline approach, we present an
iterative scheme that in expectation tightens the lower bound
on the feedforward passivity index with every additional data
sample and gives an upper bound on the conservatism of the
resulting passivity measure.

I. INTRODUCTION
With the growing complexity of engineering systems, the
modeling process becomes a more and more time-consuming
task, which requires expert knowledge. On the other hand,
modern technology allows for gathering large amounts of
data about systems and processes. Therefore, there has been
a rising interest in learning controllers directly from data
[1]. However, while model-based approaches come with an
elaborate theory that offers analyzing tools for stability and
performance guarantees, such guarantees are still lacking for
many data-driven methods. This lack of guarantees often
prevents the application of data-driven methods to real-world
scenarios and safety-critical systems, which is therefore an
active field of research.
One complementary approach to learning controllers directly from data is to determine certain system properties
from data first, which are then leveraged to design a controller as depicted in Fig. 1. Knowledge of the L2 -gain, passivity
properties or conic relations, for example, allow for the direct
application of well-known feedback theorems to design a
controller with guarantees for the closed-loop behavior [2],
[3]. Hence, learning certain system properties can provide
many of the desired advantages of data-driven controllers
while still providing guarantees for the closed-loop.
Existing approaches to learn system properties from inputoutput data samples can be found in [4]–[11]. However, most
of these approaches are only applicable for learning passivity
properties or the operator gain of linear time-invariant (LTI)
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Fig. 1. This work aims to identify passivity properties from data tuples,
which are already in storage (offline methods, cf. Sec. III), or from actively
sampling additional data (online methods, cf. Sec V). With knowledge on
the passivity of the unknown system, well-known feedback theorems can
be leveraged for designing controllers with guarantees for the closed-loop
input-output behavior [2], [3].

systems [4]–[8], and only few consider nonlinear systems
[9]–[11]. In [9], the authors address the issue of validating
an operator gain from input-output data and extend some
insights also to nonlinear operators. In [10] and [11], further
ideas for determining system properties such as the operator
gain, passivity measures and conic relations of a general
nonlinear system from only input-output data are presented.
However, these techniques can be quite conservative or
require large amounts of input-output data.
Therefore, we develop a stochastic approach for determining to what extent a general nonlinear system is, or is
not, passive from input-output data, when the input-output
behavior is unknown. The proposed approach is based on
Gaussian processes and does not require identifying the exact
input-output relation. In contrast to prior work, the stochastic
setting allows for better data efficiency, for incorporating
prior system knowledge, and for handling measurement
noise. Finally, we use the uncertainty bound quantification of
the Gaussian process to introduce a customized active sampling scheme to efficiently perform additional experiments
for learning passivity properties.
II. P ROBLEM S ETUP
We consider a single-input single-output, nonlinear and
discrete-time system H, which produces an output y for
an input u, as depicted in Fig. 2. H might represent a
complex plant, for which the modeling process by first
principles becomes a difficult and time-consuming task, or a
complex numerical model with no realization as differential
equations in closed form at hand. All admissible inputs and
corresponding outputs lie in some set U, Y ⊂ Rn . Usually,

U will contain signals with a certain energy or adhere to
certain smoothness conditions corresponding to a frequency
bound as both quantities are limited in most physical plants.
Passivity as a system property plays an important role
in systems analysis, stability studies and controller design,
especially for nonlinear systems [3], [12], [13]. We start
with a general input-output definition of passivity for H.
The system H is said to be passive if
hH(u), ui ≥ 0

(1)

holds for all admissible inputs u ∈ U, where h·, ·i denotes
the Euclidean inner product. For input strict passivity, we
search for the largest ν such that the inequality
hH(u), ui ≥ νkuk2

(2)
p

is true for all admissible inputs u ∈ U with k·k= h·, ·i
denoting the induced norm. For ν > 0, H is said to be input
strictly passive. For ν = 0, we retrieve the passivity condition
in (1). If ν < 0, then H is not passive, but the parameter |ν|
corresponds to the feedforward term that renders the system
passive. This parameter ν is in general also referred to as
the input feedforward passivity index.
In order to determine to what extent the unknown system
H is or is not passive, we reformulate the input strict
passivity property into an optimization problem given by
hH(u), ui
,
(3)
ν=
min
ρ(u), ρ(u) :=
kuk2
u∈U ,kuk2 6=0
with ρ : U \{0} → R. Since H : u → y is unknown,
we want to find an underestimate of ν in (3) from inputoutput data obtained from simulations or experiments. While
in simulations the numerical errors might usually be very
small, measurement noise in experiments oftentimes has
a non-negligible impact. Therefore, we consider the case
where the output signal is corrupted by additive Gaussian
white measurement noise. An extension to more general
noise models shall be part of future work. Performing one
experiment hence leads to one noisy input-output tuple
(ui , yi + ei ) (cf. Fig. 2) with ui ∈ U, yi = H(ui ) and
>
ei = ei (1) ei (2) . . . ei (n) , where we assume ei (t)
to be zero mean Gaussian white noise with variance σe2 .
Measurement noise on the output signal leads to noisy databased evaluations of ρ denoted by DN = {(ui , fi )}N
i=1 with
hyi + ei , ui i
hei , ui i
= ρ(ui ) +
.
(4)
kui k2
kui k2
The objective of this work is to develop a stochastic
approach for learning a lower bound on the input feedforward
passivity parameter ν from finitely many noise-corrupted
data samples DN . Within the whole approach, the inputoutput map H is unknown.
fi =

III. I NPUT- STRICT PASSIVITY VIA G AUSSIAN PROCESSES
In this section, we present an approach to learn a lower
bound on the input feedforward passivity index ν from
available data in storage (offline approach). To find such
a lower bound on ρ, we model ρ as a Gaussian process
and employ Gaussian process regression to fit the model
from data. We start by briefly introducing the necessary
background on Gaussian processes before applying it to learn
passivity properties.
A. Gaussian process regression
A Gaussian process (GP) is defined as a probability
distribution over the space of functions ρ such that every
finite subset of function values are jointly Gaussian [14]. A
GP, denoted by GP(µ(u), k(u, u0 )), is specified by its mean
and covariance functions
µ(u) = E[ρ(u)]
k(u, u0 ) = E[(ρ(u) − µ(u))(ρ(u0 ) − µ(u0 ))],
where µ is the expected function value and the covariance
function k, also referred to as kernel, captures the covariance
between function values and is used to model uncertainty.
Probably the most common kernel choice in GP regression
is the squared exponential (SE) kernel given by


1
0 > −1
0
0
2
(5)
kse (u, u ) = σf exp − (u − u ) Λ (u − u )
2
where σf2 is the signal variance and Λ is a positive definite
matrix, often chosen to be a diagonal matrix of n squared
length scales λ2i . These parameters of a kernel are called
hyperparameters. Every kernel typically has its own hyperparameters specifying properties of the underlying function
such as shape or smoothness, see [14] for details.
In GP regression, we predict the (normal) distribution of
function values ρ(u) for u ∈ U based on previous data
tuples DN . With (4), we find that the noise on the function
evaluation of ρ from experiments has zero mean and variance


hui , ei
σe2
.
=
V
kui k2
kui k2
Therefore, the likelihood for observations fi in (4) is


σe2
P (fi |ρ(u)) = N ρ(ui ),
.
kui k2
This leads to the standard closed form predictive posterior
mean and variance for noise with input dependent variance
[15], which reads
>
−1
mN (u) = E[ρ(u)|DN ] = µ(u) − kN
(u)(KN + ΣN
ρ̂N
e )
2
σN
(u) = V[ρ(u)|DN ]

= k(u, u) −
e
u

y

>
kN
(u)(KN

(6)
+

−1
ΣN
kN (u)
e )
>

y+e

H

Fig. 2. System H maps any input u ∈ U to the corresponding output y.
The measured output is corrupted by measurement noise e.

where kN (u)= (k(u, u1 ), . . . , k(u, uN )) , KN ∈ RN ×N
>
with Kij = k(ui , uj ), ρ̂N = (ρ1 −µ(u1 ), . . . , ρN −µ(uN )) ,
IN being the N -dimensional identity matrix and ΣN
∈
e 
2
−2
−2
−2
RN ×N with ΣN
=
σ
diag
ku
k
,
ku
k
,
.
.
.
,
ku
k
.
1
2
N
e
e
That is, the noise corruption on data tuples (ui , ρi ) is

underlying function

lower confidence bound (mN (u)−ασN (u))

confidence region

measured data point

ρ(u)

ν̂N : current lower
bound on ν

ν̂5
#6

B. Lower bound on ν
#7

The general idea on how to obtain a lower bound on ν is
depicted in Fig. 3. We model ρ as a GP
ρ(u)

Via GP regression, we obtain the posterior distribution of
ρ(u), u ∈ U 0 , by conditioning on DN , represented by
posterior mean mN (u) and standard deviation σN (u) as
given in (6). We define a confidence region mN (u)±ασN (u)
as a multiple of the standard deviation with α > 0. Assuming
that the underlying function lies within these confidence
bounds, the minimum of the lower bound on the confidence
region yields a lower bound on the passivity parameter ν,
ν̂N = min0 mN (u) − ασN (u).
u∈U

(7)

The parameter α is hence a design variable that depends on
how conservative the estimate shall be, typically chosen to
be around α = 2.
For the presented problem setup, there are mainly three
reasons for choosing such a stochastic approach via GPs:
1) We can account for measurement noise. As shown
in Sec. III-A, if we assume additive white Gaussian
noise on the output signal, we retrieve additive white
Gaussian noise on the cost evaluation which is scaled
by the energy of the signal. This insight can be directly
incorporated into the GP regression in closed form.
2) Prior knowledge on the unknown system can be incorporated into the construction of the kernel and its
hyperparameters as shown in Sec. IV to improve the
learning rate and to decrease the required input-output
samples.
3) We potentially need fewer data points or receive a
tighter bound on the passivity measure since fewer
data points are required in regions of low probability
of a minimizer. Furthermore, additional samples can be
drawn in an efficient manner based on the probabilistic
description of ρ (cf. Sec. V).
In the following section, we present how to initialize the GP
regression, or more specifically, how to choose the kernel and
its hyperparameters from prior knowledge. Finally, Sec. V
introduces how one can sample additional data efficiently
from the probabilistic description of the cost function ρ.

#6

3 additional
experiments:

ν̂6

ρ(u) ∼ GP(µ(u), k(u, u0 )).

1 additional
experiments:

ρ(u)

Gaussian depending only on the energy of the input signal
and the variance of the measurement noise σe2 . Hence, the
influence of additive white Gaussian measurement noise can
be included in closed form into the standard GP regression.
Since the noise can become arbitrary large as the input
signal approaches zero, we need to require a minimum
energy of the input signal. This corresponds to requiring
a minimal signal to noise ratio, which is a common assumption wherever measurement noise is taken into account.
Therefore, similar to [10], we restrict our attention to the
compact input set U 0 = U \{u ∈ Rn |kuk< c} with the
assumption that the true minimum of ρ does not lie within
the c-punctured set of U.
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u

Fig. 3. Via GP regression, we learn a probability distribution of ρ(u) for
every u ∈ U 0 from data. From top to bottom, the posterior GP with 5,
6, and 9 data points is shown. We define a confidence region as a factor
α of the standard deviation σ. The minimum of the lower bound on the
confidence region yields a lower bound estimate on the passivity parameter
ν. If additional experiments are performed, these are chosen according to the
probabilistic description of ρ for data efficient sampling (details in Sec. V).

IV. K ERNEL DESIGN FOR INFERENCE OF INPUT- STRICT
PASSIVITY

For GP regression, we assume that ρ is a sample of the
GP specified by a chosen mean function and kernel. The
choice of the kernel is hence an integral step influencing not
only the learning speed, but also affecting the inferred values
of ν̂N . By choosing the kernel and its hyperparameters,
one should hence include any prior knowledge about the
underlying function such as smoothness properties, length
scales and expected shape. Therefore, we present in this
section approaches on how to choose the kernel according to
such insights, incorporating the problem structure as a prior.
A. Smoothness of the kernel
We start by considering the choice of kernels according
to the estimated smoothness of the unknown input-output
system H. With application of the chain rule, whenever the
input-output operator u 7→ H(u) is continuously differentiable of order m denoted by H ∈ C m , we know that
ρ : U 0 → R is continuously differentiable of order m.
Two very common choices of kernels are the SE kernel
and the Matérn kernels, which could be a good starting
point dependent on the knowledge of the smoothness of
the unknown input-output operator H. The SE kernel (5)
is infinitely differentiable. This means that the GP with

underlying function
mean mN (u)
lower confidence bound
mN (u) − ασN (u)

ρ(u)

this covariance function is ‘very smooth’ since it has mean
square derivatives of all orders [14]. The Matérn class of
covariance functions as presented in [14] is parameterized
by a smoothness parameter η > 0. The process ρ is k-times
mean square differentiable if and only if η > k. For η = 12 ,
the Matérn kernel becomes very rough, whereas for η → ∞
we retrieve the smooth SE kernel. Depending on m, one can
thus decide if the SE kernel is a good choice, or choose a
Matérn kernel, e.g., with η ≈ m.

data point
fi , i = 1, . . . , 5
slope of
lower confidence bound

!

≈ Lρ

u

B. Lipschitz continuity
Another parameter that is often available or can be estimated from data [10] is the Lipschitz constant. Let us consider
the case where the input-output operator is differentiable and
Lipschitz in the sense that kH(u2 )−H(u1 )k≤ LH ku2 −u1 k
and hence that
kDH(u)k≤ LH

∀u ∈ U 0 ,

(8)

where DH denotes the Jacobian matrix of H and kDH(u)k
denotes the induced matrix norm. With knowledge of LH ,
we can infer a Lipschitz constant of the optimization function
u → ρ(u) as follows.
Lemma 1: Assume (8) holds and H(0) = 0. Then there
H
such that
is a Lipschitz constant Lρ ≤ 2πL
c
kρ(u2 ) − ρ(u1 )k≤ Lρ ku2 − u1 k.
Proof: We start by estimating the supremum of the
gradient of ρ : U 0 → R by
k∇ρ(u)k≤
1
≤
kuk
≤

2u> H(u)u
H(u) + (DH(u))> u
+
2
kuk
kuk4

(DH(u))> u
ku> H(u)k
kH(u)k
+
+2
kuk
kuk
kuk2

!

1
1
4LH ≤ 4LH .
kuk
c

The set {u ∈ Rn |kuk≥ c} is said to be C-quasiconvex,
with C = π2 , since any two points u1 , u2 can be joined by
a curve γ of length at most π2 ku1 − u2 k (e.g., an arc of a
circle). Integrating the gradient along such a curve can give
an upper bound on the Lipschitz constant by
π
sup
k∇ρ(u)k.
kρ(u2 ) − ρ(u1 )k≤ ku1 − u2 k
2
u∈Rn ;kuk≥c
H
Hence, Lρ ≤ 2πL
c .
From [16, Theorem 5], we know that if the covariance
kernel is at least four times differentiable and the mean
function is at least twice differentiable, then the sample
paths are Lipschitz continuous with high probability on a
bounded set of Rn . However, since this result does not
provide quantitative information on how Lipschitz constant
and hyperparameters relate to each other, we will in the
following derive a more practical approach.
Generally, the overestimate of the Lipschitz constant from
Lemma 1 gives a (potentially conservative) estimate on how
the function values of two input signals u1 and u2 can differ.

Fig. 4.
To find a lower bound the passivity measure, we are mainly
interested in the lower bound of the confidence region defined by α times
the standard deviation. One possible interpretation of a Lipschitz constant
on the underlying function ρ is the slope of the lower confidence bound at
a data point. This allows us to incorporate prior knowledge on the Lipschitz
constant via the prior on the derivative process.

This can be seen as a parallel concept to isotropic covariance
functions, where the covariance between u1 and u2 is only
dependent on ku1 −u2 k. The SE as well as the Matérn covariance class are isotropic covariance functions. Incorporating
a large Lipschitz constant would then correspond to choosing
the covariance of two close points to be small.
We are now interested in how exactly the prior of a GP can
be chosen to incorporate knowledge on Lipschitz continuity.
The idea is depicted in Fig. 4. With an upper bound on the
Lipschitz constant, we know an upper bound on the slope
at each point u. Therefore, in a neighborhood of any data
sample ui , we can restrict the confidence region to ρ(ui ) −
Lρ ku − ui k≤ ρ(u) ≤ ρ(ui ) + Lρ ku − ui k. Hence, we want
to choose the prior in such a way, that the slope of the lower
confidence bound at a data point ui has the slope of this
Lipschitz constant Lρ . Thus, the Lipschitz constant leads us
to a specific condition on the prior of the derivative process.
The derivative of a GP is yet another GP since differentiation is a linear operator [14]. In fact, since both
the expectation operator and the differentiation operator
are commutative, the derivative of the posterior mean is
equal to the mean of the distribution of derivatives [17].
The mean and covariance function of the derivative process
ρd ∼ GP(µd , kd ) are thus defined by µd (u) = ∇u µ(u)
and kd (u, u0 ) = ∇u ∇u0 k(u, u0 ). This insight allows us to
incorporate prior information in the derivative process.
Let us further consider the SE kernel (5) and a constant
prior mean function. The covariance function of a GP describing the derivative of a GP with SE kernel reads

∇u ∇u0 k(u, u0 ) = Λ−1 I − (u−u0 )(u−u0 )> Λ−1 k(u, u0 )
and hence
∇u ∇u0 k(u, u0 )|u=u0 = Λ−1 σf2 .
Since the Lipschitz constant should mark the border of
the confidence region, the hyperparameters Λ, σf should
approximately be chosen such that
σf
=
λi



1
Lρ
α

 12
i = 1, . . . , n

holds. In fact, for the SE kernel, a relation between the
Lipschitz constants and the ratio between prior variance
and lengthscales σf λ−1
has also been mentioned in [18].
i
While this specific relation of hyperparameters and Lipschitz
constant considers the SE kernels, this approach can be transferred to other sufficiently differentiable isotropic kernels.
In some application scenarios, the estimate of the Lipschitz
constant of an input-output operator H might be an estimate
with non-negligible uncertainty, e.g. when obtained from
data. This uncertainty of the Lipschitz
constant, modeled for

2
example as p(Lρ ) = N Lρ , σL
, can again be incorporated
as a prior on the hyperparameters by choosing, e.g.,
!
2
σL
Lρ
−2
,
,
λi ∼ N
ασf2 α2 σf4
2
where σL
expresses the uncertainty in the estimate of the
Lipschitz constant Lρ . Such hyper-priors p(Θ) can then
be used to find the posterior over the hyperparameters by
optimizing maxΘ p(fi |ui , Θ)p(Θ) [14].

C. Parametric kernel design
In many applications, the unknown input-output system
can be decomposed into a part with only parametric uncertainty and a general nonlinear part. For example, the
unknown input-output system can be composed of a linear
LTI system and nonlinear residuals leading to
ρ(u) = ρLTI (u) + ρNL (u).

(9)

This provides us with additional structural information on
u → ρ(u), which can be incorporated into the kernel
design to improve the performance of the GP regression. For
scalar discrete-time LTI systems and a given input sequence
u(t), t = 1, ..., N , the input to output map reads
 
y(1)
g0
 ·   g1
 

 ·   g2
=

 ..   ..
 .   .
y(n)
gn−1


0
g0
g1

0
0
g0

...
...
...
..
.

gn−2

...

g1



u(1)
0


0
 · 
 · 
0


..   .. 
.  . 
u(n)
g0

where gk , k = 1, 2, . . . , denotes the impulse response
sequence, which we consider unknown. This input-output
relation is in the following denoted by y = Gu. For such
LTI systems, the cost function ρLTI hence reads
> 
u21 + . . . +u2n
 
1 
u> Gu
u1 u2 + . . . +uN −1 uN  
=

 
.
..
 
kuk2
kuk2 


u1 un

|

{z

h(u)

g0
g1
..
.




.


(10)

gn−1

}

The vector h(u) can be interpreted as a set of fixed basis
functions in ui , and g = (g0 , . . . , gn−1 )> as a set of a-priori
unknown parameters. We model g as a Gaussian random
variable, g ∼ N (µg , Σg ), with µg , for example, according
to some measured impulse response of the system, or zero
if no other information is available. The variance models
uncertainty about the impulse response and can also be used
to encode smoothness properties and other prior knowledge.

From (9), with (10) and ρNL ∼ GP(0, k(u, u0 )) a general GP, we then obtain another GP reading ρ(u) ∼
GP h(u)> µg , k(u, u0 ) + h(u)> Σg h(u0 ) for which the predictions can be found in [14, p. 28]. While we presented
here some problem specific approaches on the kernel choice
for determining the input feedforward passivity index, there
exists a whole line of research on kernel methods for system
identification and function estimation more generally, see e.g.
[19] and the references therein.
V. ACTIVE SAMPLING SCHEME
In many applications, additional simulations or experiments can be performed. This corresponds to actively sampling additional data points (online method). In this section,
sampling schemes for choosing these additional data points
customized to learning a lower bound on the input feedforward passivity parameter are introduced and discussed.
In the present problem setup, the goal is to quickly receive
a tight estimate on the minimum of ρ. While ν̂N from (7)
yields the current lower bound estimate of the passivity
parameter ν, it concurrently provides information where
an additional data point increases this lower bound. This
corresponds to choosing the next data point uN +1 such that
uN +1 = argminu∈U 0 ULCB (u) with
ULCB (u) = mN (u) − ασN (u),

(11)

where ULCB is called the Lower Confidence Bound (LCB)
acquisition function determining where the next query point
should be (analogous to Upper Confidence Bound (UCB)
[20] for maximization). This active sampling scheme is
illustrated in Fig. 3, where the next data point is chosen at the
current minimum of the lower confidence bound. For specific
choices of varying α, particular regret bounds are proven for
the UCB approach [21]. Since we are interested in a lower
bound with high probability, and hence the minimum of the
lower confidence bound, we choose a fixed α.
Another approach to receive a tight bound on ν with high
data efficiency is to reduce the confidence region below the
minimum of ρ as quickly as possible. The corresponding
acquisition function according to the defined goal reads
Z
ULVM (u) =
max (ν̄N − mN (v)
(12)
U0

N
+αE[σN +1 (v)|D , uN +1 =u], 0 dv.
minimizing the expected confidence region below the expected minimum of ρ denoted by ν̄N = minu∈U 0 mN (u),
as depicted in Fig. 5. We will call this acquisition function
the Lower Variance Minimum (LVM) approach. Since the
variance only depends on uN +1 independently of fN +1 ,
E[σN +1 (v)|DN , uN +1 =u] = σN +1 (v, u), and hence (12)
simplifies to
Z
ULVM (u) =
max (ν̄N − mN (v) + ασN +1 (v, u), 0) dv.
U0

Both acquisition functions (11) and (12) are depicted in
Fig. 5. Both sampling approaches demonstrated comparable

ρEx (u)
acquisition function

LVM:
minimizing confidence region
below this value
ν̂: current lower bound on ν

UCB
uN +1 (UCB)
LVM
uN +1 (LVM)
u

Fig. 5. Comparison of the two acquisition functions UCB and LVM applied
to the illustrative example ρEx . While LCB from (11) samples at the current
lower bound on ν, LVM from (12) tries to minimize the confidence region
below the current expected minimum.

Algorithm 1: Active sampling for learning passivity
1
2
3
4
5
6
7
8
9
10
11
12

Specify GP prior (cf. Sec. IV);
Specify confidence region by choosing α;
Specify stopping criteria  (cf. Prop. 2);
Initialize DN with set of prior data samples;
repeat
Update GP posterior (mN , σN ) in (6);
Compute next input signal uN +1 via (11);
Perform experiment with uN +1 and calculate fN +1 ;
Set DN +1 = {DN , (uN +1 , fN +1 )};
Set N = N + 1 ;
until 2ασN −1 (uN ) > ;
return ν̂N −1 in (7)

performance in terms of data efficiency in an initial comparison. However, the acquisition function (11) is significantly
less expensive to compute. While a more comprehensive
comparison of both acquisition functions is left to future
work, (11) will be our preferential choice in the following.
Algorithm 1 summarizes the active sampling scheme introduced above. The core approach that is used herein for
efficient sampling of the passivity function is essentially
Bayesian optimization. Bayesian optimization generally is
a global (black-box) optimization technique that builds a
probabilistic description (typically a GP) of the unknown
cost function and uses this to select next samples in an efficient way [22]. Bayesian optimization has been successfully
applied in other learning-based control contexts, such as for
direct data-driven controller tuning, e.g. in [18], [23], [24].
We next prove some properties about the proposed approach. The following proposition shows that Algorithm 1 is
expected to improve the lower bound in each step.
Proposition 1: The lower bound on ν from Algorithm 1
is in expectation monotonically increasing in the sense that,
given DN −1 at step N − 1,


E ν̂N − ν̂N −1 |DN −1 ≥ 0.

Proof: We start by applying the linearity of the expectation operator, which directly yields E [ν̂N −ν̂N −1 |DN −1 ]
= E [mN (u)−mN −1 (u)|DN −1 ] −α E [σN (u)−σN −1 (u)|DN −1 ].
From [25], we know that σN (u) ≤ σN −1 (u) holds
independently of the next drawn data sample (uN , fN ).
Furthermore, the expected value for the next data sample ρN
on the basis of DN −1 is expressed by mN −1 (u). Therefore,
E mN (u)|DN −1 = mN −1 (u) holds, and hence


E mN (u) − ασN (u) − mN −1 (u) − ασN −1 (u)|DN −1


= −α E σN (u) − σN −1 (u)|DN −1 ≥ 0.
Since this must hold for all u ∈ U 0 , it also
holds for the

minimum and thus, E νN − νN −1 |DN −1 ≥ 0.
Furthermore, by means of the stopping criteria  one can
choose how tight the lower bound on ν shall be and bound
the conservatism of the resulting ν̂N of Algorithm 1.
Proposition 2: When 2ασN (uN +1 ) <  (stopping criteria)
is met, then the input feedfoward parameter ν is maximally
 larger than the lower bound resulting from Algorithm 1,
i.e. ν − ν̂N ≤ , with a probability of at least Φ(α), where
Z α
t2
1
Φ(α) = √
e− 2 dt.
2π −∞
Proof: This follows directly from the marginalization
property of the GP with
P (ρ(uN +1 ) < mN (uN +1 ) + ασN (uN +1 )) = Φ(α),
where Φ is the cumulative distribution function of the normal
distribution.
To calculate the actual probability mass below the resulting
estimate ν̂N , one can use Monte Carlo Methods via sampling
from the GP or, for example, use the approach in [26] to
calculate the probability mass via discretization.
VI. E XAMPLE
We present a numerical example to illustrate the proposed
approach. To facilitate comparison, we adopt the example in
[10], the Van der Pol oscillator. The underlying system is
governed by ẋ1 (t) = x2 (t), ẋ2 (t) = 4(1 − x1 (t)2 )x2 (t) −
x1 (t)−u(t), and y(t) = x1 (t), with x1 (0) = x2 (0) = 0, H :
u 7→ y considering the (closed) unit interval t ∈ [0, 1]. As
in [10], we restrict our input to a four dimensional subspace
V = span({P1 , P2 , P3 , P4 }) of L2 , Pi being the first four
Legendre polynomials
P2 (t) = 2t − 1,

P1 (t) = 1,
2

P3 (t) = 6t − 6t + 1,

P4 (t) = 20t3 − 30t2 + 12t − 1,

which constitute a four dimensional orthonormal basis. All
coefficients of the admissible input are bounded by bi = 5,
i = 1, . . . , 4, similar to [10] and we choose c = 0.8 to retain
a meaningful signal to noise ratio.
We discretize the system with ∆t = 0.001. The Gaussian
measurement noise on the discretized output signal has
zero mean and standard deviation σn = 3. We define
the confidence region to be α = 2 times the standard
deviation. Furthermore, we choose the SE kernel (5) due
to the smoothness of the example system. According to an
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less conservative than a deterministic approach. The lower
number of necessary data points, however, comes at the cost
of higher computational expenses.

[1] Z.-S. Hou and Z. Wang, “From model-based control to data-driven
control: Survey, classification and perspective,” Information Sciences,
vol. 235, pp. 3–35, 2013.
[2] G. Zames, “On the input-output stability of time-varying nonlinear
feedback systems part I: Conditions derived using concepts of loop
gain, conicity, and positivity,” IEEE Trans. Automat. Control, vol. 11,
no. 2, pp. 228–238, 1966.
[3] C. A. Desoer and M. Vidyasagar, Feedback Systems: Input-Output
Properties. SIAM, 1975.
[4] K. van Heusden, A. Karimi, and D. Bonvin, “Data-driven estimation
of the infinity norm of a dynamical system,” in Proc. 46th IEEE Conf.
on Decision and Control, pp. 4889–4894, 2007.
[5] B. Wahlberg, M. B. Syberg, and H. Hjalmarsson, “Non-parametric
methods for L2 -gain estimation using iterative experiments,” Automatica, vol. 46, no. 8, pp. 1376–1381, 2010.
[6] C. R. Rojas, T. Oomen, H. Hjalmarsson, and B. Wahlberg, “Analyzing
iterations in identification with application to nonparametric H∞ norm estimation,” Automatica, vol. 48, no. 11, pp. 2776–2790, 2012.
[7] A. Romer, J. M. Montenbruck, and F. Allgöwer, “Sampling strategies
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